
REU Apprentice

Third Friday

Section 8.3: Benjamin McKenna

8 Eighth Class: Fri. 7/11/14

8.1 Fun problems

Your online resource is the following two sets of problems:
2007 REU Linear Algebra puzzles (“Lin07”)
2012 REU Linear Algebra problem set (“Lin12”)
(Click the titles, the links are live.)

Exercise 8.1. 13 weights: Lin07, ex. 2.

Exercise 8.2. Prime-exponent polynomials: Lin07, ex. 3.

Exercise 8.3. Pirates’ secret, explorers’ “complex job”: Lin07, ex. 5.

Exercise 8.4. “Mod p complex numbers”: Lin07, ex. 12.

Exercise 8.5. det(gcd(i, j))n×n =
∏n
i=1 ϕ(i).

(For a more detailed explanation and a hint, see Lin12, ex. 103.)

Exercise 8.6. The matrix equation AB −BA = I: Lin12, ex. 143.

Exercise 8.7. Recall that RR denotes the space of real functions (functions R → R). Let Sθ denote the
shift operator that takes the function f(x) to f(x− θ). Consider the subspace U spanned by the functions
cosx and sinx. (a) Prove that dimU = 2 and (cosx, sinx) form a basis. (b) Prove that U is invariant under
Sθ, i.e., if f ∈ U then Sθ(f) ∈ U . (c) Determine the matrix of Sθ |U (the restriction of Sθ to U) with respect
to the basis (cosx, sinx). The answer will be a familiar matrix.

The following problems were not assigned in class.

Exercise 8.8. Let ffen denote the number of fixed-point-free even permutations of n elements and ffon the
number of fixed-point-free odd permutations of n elements. Decide whether or not ffon > ffen. Your answer
will depend on n. (Hint: Determinants. You can actually calculate ffen − ffon exactly, the answer is a very
simple formula.)

Exercise 8.9. Cauchy’s functional equation: Lin07, ex. 10.

Exercise 8.10. Hilbert’s matrix: Lin07, ex. 7.

8.2 Dot product, U⊥ over any field, Eventown

Exercise 8.11. Solve Lin12, problems 96-101, especially problem 97 which says: if U ≤ Fn (where F is an
arbitrary field) then

dimU + dimU⊥ = n.

1

http://people.cs.uchicago.edu/~laci/REU07/appuzzles.pdf
http://people.cs.uchicago.edu/~laci/REU12/appr-prob193.pdf


Exercise 8.12. (a) Prove: in Fn2 , every maximal totally isotropic subspace has dimension bn/2c. (Cf. Lin12,
ex. 112.) (b) Infer from this that in Eventown, every maximal club system is maximum.

Exercise 8.13. Prove: for n ≥ 7 there exist non-isomorphic maximum Eventown club systems. (Hint: use
part (b) of the previous exercise.)

A solved problem:
Let U = Span{cosx, sinx} ≤ RR.

(a) U is Sθ invariant. For u ∈ U , u = α cosx + β sinx, so Sθ(u) = α cos(x − θ) + β sin(x − θ) ∈ U , i.e.,
∃α′β′ : α′ cosx+β′ sinx since cos(x−θ) = cosx·cos θ+sinx·sin θ and sin(x−θ) = sinx cos θ−cosx sin θ.
Now cosx and sinx are linearly independent (because they are not scalar multiples of each other), so
dimU = 2 and (cosx, sinx) is a basis. It follows from the previous equation that

[Sθ|U ](cos x,sin x) =

[
cos θ − sin θ
sin θ cos θ

]
This should be familiar as the rotation matrix.

The eigenvectors of the rotation matrix are

[
1
i

]
and

[
1
−i

]
with eigenvalues λ1 = cos θ− i sin θ = e−iθ and

λ2 = cos θ+ i sin θ = eiθ, respectively. Note that the eigenvalues are complex conjugates located on the unit
circle in the complex plane at an angle θ away from the horizontal. Generally, the polar form of a complex
number z is z = r(cos ζ+ i sin ζ), where r is the norm of z and ζ the argument.1 Hence the mapping z 7→ λ2z
rotates the plane by θ.

8.3 Euclidean spaces, Gram–Schmidt orthogonalization

Euclidean spaces: Our scalars are now R again. Suppose we have a vector space V over R with an inner
product, which is a function that assigns to every pair of vectors a real number as follows:

(v, w) 7→ 〈v, w〉 ∈ R.

The standard example is the dot product when V = Rn. As a different example, suppose V = C[0, 1] (the
set of continuous functions on [0, 1]). For f, g ∈ V , we define the dot product as

〈f, g〉 =

∫ 1

0

f(t)g(t)dt.

We require the following conditions on the inner product:

1. (∀v, w ∈ V )(〈v, w〉 ∈ R)

2. Left and right distributivity:

〈v1 + v2, w〉 = 〈v1, w〉+ 〈v2, w〉
〈v, w1 + w2〉 = 〈v, w1〉+ 〈v, w2〉

3. 〈αv,w〉 = 〈v, αw〉 = α · 〈v, w〉

4. Symmetry: 〈v, w〉 = 〈w, v〉

5. Positive-definiteness: (∀v 6= 0)(〈v, v〉 > 0)

1Multiplication is then z1z2 = r1r2(cos(ζ1 + ζ2) + i sin(ζ1 + ζ2)).
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Properties 2 and 3 are summarized in the statement that the inner product 〈·, ·〉 is bilinear, meaning it is
linear in each component. For example, for fixed w, the map v 7→ 〈v, w〉 is a linear map V → R. It should
also be clear, from any of the fours parts of axioms 2–3, that 〈0, w〉 = 0.

So the inner product is a positive-definite bilinear function. A vector space over R with an inner product
is called a Euclidean space.

We can check that the function on C[0, 1] given above is, in fact, an inner product. (Note that continuity
is required for positive-definiteness).

Let’s introduce some geometry to Euclidean spaces:

Definition: We say that two vectors v and w are orthogonal and write v ⊥ w if 〈v, w〉 = 0.

Definition: We define the norm of a vector v as follows:

||v|| :=
√
〈v, v〉.

Note that ||v|| ≥ 0 and ||v|| = 0 ⇐⇒ v = 0.

Exercise 8.14. If v1, . . . , vk 6= 0 are pairwise orthogonal, then they are linearly independent.

Proof. Suppose s =
∑n
i=1 αivi = 0. We need to show that α1 = · · · = αn = 0. To do this, we fix j and then

compute the following:

0 = 〈vj , s〉

=

n∑
i=1

αi 〈vj , vi〉︸ ︷︷ ︸
0 unlessi=j

= αj〈vj , vj〉
= αj ||vj ||2︸ ︷︷ ︸

6=0

=⇒ αj = 0.

Since j was arbitrary, we obtain the desired trivial linear combination.

Definition: An orthonormal basis (ONB) is a basis e1, . . . , en such that

〈ei, ej〉 = δij =

{
1 i = j,

0 i 6= j,

where δij is called the Kronecker delta. Note that this is saying that ||ei|| = 1 and the ai are pairwise
orthogonal.

Exercise 8.15. (Coordinates with respect to an ONB (“Fourier expansion”)): If v =
∑n
j=1 αjej

where the ej are orthonormal then
αi = 〈v, ei〉

This means that the coefficients are very easy to compute relative to an ONB. This was discovered in
the context of trigonometric functions and Fourier analysis, hence the term.

Consider the set C[−π, π] of continuous functions on the given interval. This is a Euclidean space under
the inner product 〈f, g〉 = 1

π

∫ π
−π fgdt and the functions 1, cosx, sinx, cos 2x, sin 2x, . . . , cosnx, sinnx, . . ..

Exercise 8.16. Show that the functions above are pairwise orthogonal.
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Corollary: These functions are linearly independent.
We’re not saying that these are orthonormal, but it’s easy to get an orthonormal basis from an orthogonal

basis: Just divide each vector by its norm, under which operation orthogonality is obviously preserved.

Gram-Schmidt orthogonalization: We are now going to learn how to orthogonalize a (finite or infinite)
sequence of vectors. We have a machine that takes in vectors v1, v2, . . . and outputs a series of orthogonal
vectors b1, b2, . . .. We want an online algorithm (i.e., an algorithm for which the output bj depends only on
v1, . . . , vj). This is called Gram-Schmidt orthogonalization.

Suppose Ui = Span(v1, . . . , vi) (note that U0 = Span(∅) = {0}). This process will have the following
defining properties:

• (∀i)(bi − vi ∈ Ui−1)

• (∀i 6= j)(bi ⊥ bj)

We claim that these conditions uniquely define the entire algorithm.

Lemma: Span(b1, . . . , bi) = Ui.

Proof. First, we show that bi ∈ Ui, since bi − vi ∈ Ui−1 = Span(v1, . . . , vi−1), so bi = vi + (bi − vi) is the
sum of two vectors in Span(v1, . . . , vi−1, vi). This implies that

Span(b1, . . . , bi) ⊆ Ui.

Exercise 8.17. Prove the opposite inclusion.

Now, since bi − vi ∈ Ui−1 = Span(b1, . . . , bi−1), then bi − vi = α1b1 + · · · + αi−1bi−1. We claim that
these αj are unique. (See more precisely below.) By induction hypothesis, we know that b1, . . . , bi−1 are

orthogonal. So we are looking for αj such that 〈bi, bj〉 = 0 for all j < i. Since bi = vi +
∑i−1
k=1 αkbk for αk

unknown, then we get 〈bi, bj〉 = 〈vi, bj〉+αj〈bj , bj〉 = 〈vi, bj〉+αj ||bj ||2. If we define αj = − 〈vi,bj〉||bj ||2 (supposing

that bj 6= 0), then 〈vi, bj〉+αj ||bj ||2 = 0. We needed αj ||bj ||2 = −〈vi, bj〉, so if bj = 0 we can choose any αj .
So the αi are not unique: What is unique is αibi.

In high-school geometry, we defined the dot product of two vectors a and b, an angle θ apart, as

a · b = |a| · |b| · cos θ.

Under this definition, distributivity is highly non-trivial. Let’s look at how orthogonalization works in these
two- and three-dimensional examples, replacing a and b with v1 and v2. Since b1 − v1 ∈ U0 = {0}, we know
that v1 = b1. We choose b2 to be the unique vector on the intersection of the perpendicular line to v1 = b1
and the parallel line to v1 = b1 passing through v2, since we need b2 − v2 ∈ Span(v1) = U1.

v1 = b1

v2
b2

Exercise 8.18. bj = 0 ⇐⇒ vj ∈ Uj−1.

If we start from a basis, then we get an orthogonal basis. It follows that every finite- or countably-
infinite-dimensional Euclidean space has an orthogonal basis. In fact,

Exercise 8.19. Every orthogonal system of non-zero vectors can be extended to an orthogonal basis (as-
suming the space has finite or countably infinite dimension).
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Exercise 8.20. Consider the space R[x] of real polynomials under the inner product 〈f, g〉 =
∫ 1

0
f(t)g(t)dt.

Orthogonalize the sequence 1, x, x2, x3 of polynomials.

Exercise 8.21. Given v1, . . . , vk vectors, the Gram matrix is G = (〈vi, vj〉)k×k. Prove: (a) detG = 0 ⇐⇒
v1, . . . , vk are linearly dependent. (b) All eigenvalues of G are non-negative reals.
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