
REU: Apprentice

First Monday

Instructor: László Babai
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1.1 First session: Card shuffling, Eventown/Oddtown, linear independence

Q: If we shuffle a deck of cards, how many times do we have to shuffle it before it gets reasonably well-shuffled?
How can we formalize the notion of shuffling?

A: The deck has 52 cards. One shuffling move permutes the deck. The state of a deck is how the cards are
ordered (the deck has 52! states). A shuffling move is a bijective function from the set of states to the set
of states, which we call a permutation. There are also 52! possible transitions. Certain transitions are far
more likely than others (many transitions will have essentially zero probability). Then we can talk about
probability distribution over all possible transitions.

We denote by pij the transition probability of going from state i to state j (i, j = 1, . . . , 52!). We store
all of the transition probabilities in T = (pij), a 52! × 52! matrix called the transition matrix. This is a
Markov Chain if the transition matrix does not depend on time (whenever we find ourselevs in state i,
the probability of moving to state j is the same). What we’re really interested in is what happens when we
repeat the transition (i.e., shuffle the deck multiple times).

What would be the ideal situation? When would the cards be ideally shuffled? This is a stochastic
process, meaning the outcomes depend on chance, and we are then going to find ourselves in probability
distributions among the possible states. Ideally, we want the ordering to be totally unpredictable, so we
would like to converge to the uniform distribution (every state has the same probability, i.e., 1/52!). Of
course, we can’t be exact, but if we’re close to uniform, that’s good enough.

So what conditions on T have to do with convergence to the uniform distribution? Let’s look at the
probability of two-step transitions. What is the probability, that in two steps we go from state i to state j?
Let p(2)

ij denote this two-step transition probability. We can do this transition in N ways, stopping at any
state k in the middle. So

p
(2)
ij =

N=52!∑
k=1

pijpkj .

How could we express the two-step transition matrix is (p(2)
ij )?

Exercise 1.1. Review matrix multiplication. Verify:

(p(2)
ij ) = T 2.

It should be clear that
(p(t)
ij ) = T t.
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So if we want to study the evolution of this Markov Chain, this amounts to studying the powers of just
one matrix, albeit an enormously large one. The tools of this study are going to be the eigenvalues and
eigenvectors of this matrix, and so we need linear algebra.

Clubtown has n residents. Anytime a club is formed, a membership list has to be submitted to City Hall.
The potential number of clubs is 2n, since each of n people can be in or out of a given club, with the
assumption that we allow the empty club and the unrealistic assumption that the same set of people can
only form one club. In fact, the same people do form many clubs, meaning there might be infinitely many
clubs, so let’s fix that:

Rule #1: i 6= j =⇒ Ci 6= Cj .
It follows that m ≤ 2n.

Here m is the number of clubs. The clubs are subsets of the set [n] = {1, . . . , n}; we denote them by
C1, . . . , Cm.

This allows an exponential number of clubs – beter than infinity but still unsustainable, so City Hall tries
to cut down on the number of potential clubs:

Rule #2: (∀i)(|Ci| = even).

It now follows that m ≤ 2n−1. Why?

Exercise 1.2. Prove that the number of even subsets of [n] is 2n−1. Do this in two ways:

(a) Find a simple bijection between the even subsets of [n] and the subsets of [n− 1].

(b) Find a simple bijection between the even subsets of [n] and the odd subsets of [n].

We can think of club membership lists as follows:

1 2 3 4 . . . n
0 1 1 0 . . . 1

where “1” indicates “member” and “0” indicates “non-member.”
To limit the number of clubs more:

Rule #3: (∀i 6= j)(|Ci ∩ Cj | = even).

What is the maximum number of clubs under this constraint?
We construct 2bn/2c clubs by grouping the people into pairs, throwing out the extra person if n is odd,

and treating the groups of two like units: if one of them joins a club, the other will, too. This is called
the married-couples solution. (There are of course many pairings, but all of them give rise to isomorphic
solutions.)

This is a lot better: We’ve taken the square root of our original numbers. We refer to Rules ##1, 2, 3 as
the “Eventown Rules.”
Eventown Theorem (E. Berlekamp): Under Eventown rules, m ≤ 2bn/2c.

(Notation: bxc means the ‘rounded down’ value of x, i.e., the greatest integer that is ≤ x.)
So the married-couples solution is optimal.

Exercise 1.3. Prove the Eventown Theorem.

Exercise 1.4. ∗ Prove that there exist optimal solutions that are not married-couples solutions.
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It turns out that this is heavily related to the theory of error-correcting codes.
Of course, this is not great, since we’ve still got an exponential number of potential clubs. Let’s make a

tiny change to the rules:
Change rule 2 to rule 2’: Every club is odd.

Rule #2’: (∀i)(|Ci| = odd).

Rule 3 remains intact. Note that Rule 1 is a consequence of 2’ and 3.
We refer to Rules 2’ and 3 as the Oddtown rules.
How many clubs can you have in Oddtown? The singles-clubs solution has n clubs. Try as hard as you

might, this is actually optimal.
Oddtown Theorem: Under Oddtown rules,

m ≤ n.

The singles-clubs system is not the only solution.

Exercise 1.5. For infinitely many values of n, find n clubs in a different way.

It is easy to see that the singles-club solution is maximal, that is, no valid club can be added to it under
the given constraints. A maximum club system would have the largest possible number of clubs. The claim
is that this maximal system is actually maximum. However, there are other maximal systems that are far
from being maximum.

Exercise 1.6. Find a very small maximal system of Oddtown clubs. Your system should consist of at most
two clubs.

Solution: If n is odd, the Everybody Club. If n is even, the Everybody-But-One club and the Loner Club.
These are maximal systems, since in Oddtown a subset of a club cannot be a club. Note that if n is even,
there are many maximal solutions consisting of just two clubs: split the citizenry into two odd subsets.
Definition (linear independence): We say that vectors v1, . . . , vn are linearly independent if only their
trivial linear combination is the zero vector. Recall that a linear combination of the vectors vi is an expression
of the form α1v1 + · · ·+ αnvn, where the αi scalars (numbers). The trivial linear combination is when the
scalar coefficients are all zero: α1 = · · · = αn = 0.

Exercise 1.7 (Lemma to Oddtown Theorem). We refer to the (0, 1)-vector associated above with the
membership list as the “membership vector.” Prove: Under Oddtown rules, the membership vectors are
linearly independent.

The following exercise contrasts with Ex. 1.6.

Exercise 1.8. ∗ In Eventown, every maximal system of clubs is maximum.

1.2 Second Session. Examples of vector spaces. The First Miracle of Linear
Algebra. Subspaces. Eigenvectors of the shift operator. The Fibonacci
space.

What are types of objects that we can linearly combine?

• Polynomials

• Complex numbers

• Matrices of given dimensions

• Solutions to a homogeneous ODE.
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• Let Ω be any set. The set of functions f : Ω → R is denoted RΩ. This is the space of real functions
over Ω. Subspaces of this space are called function spaces over Ω. For example, C [0, 1], the set of
continuous real functions on [0, 1] is a function space.

Rk×` is the set of k × ` matrices. R[k]×[`] sends (i, j) 7→ aij . A = (aij). For example:
3 -2 0 0
5 π e 1
0 -7 2 0

is

a function with domain {1, 2, 3} × {1, 2, 3, 4} where a23 = e.
We denote by V the set of vectors (and use normal Roman type for vectors). We denote by R the set of

scalars and use lowercase Greek letters for scalars. We have two operations:
a R× V → V operation: multiplication of a vector by a scalar:
(α, v) 7→ α · v
and a V × V → V operation: addition of scalars:
(v1, v2) 7→ v1 + v2

Combining these two repeatedly (a finite number of times) gives linear combinations
α1v1 + · · ·+ αnvn.
We say that this is the trivial linear combination if all coeffients αi are zero. The value of the trivial

linear combination is the zero vector.
Note that α · v = 0 iff α = 0 or v = 0.

Definition. The vectors v1, . . . , vk are linearly independent if only their trivial linear combination is the
zero vector.

For example, if we want a set of three vectors containing

1
3
2

 ∈ R3×1 which are linearly dependent, we

need to give a non-trivial linear combination that sums to zero.

For example, we could take the v2 =

 0
−1
7

 and v3 = v1, in which case 1 · v1 + 0 · v2 − 1 · v3 = 0. We

could also make v3 = v1 + v2, in which case v1 + v2− v3 = 0. We now have two triples of linearly dependent
vectors.

Could we have two linearly dependent vectors? Sure; make v2 = λv1 for some scalar λ, in which case
λv1 − v2 = 0. Is the converse of this true? If two vectors are linearly dependent, does one of them have to
be a scalar multiple of the other?

Exercise 1.9. Two vectors v1 and v2 are linearly dependent iff one of them is a scalar multiple of the other.

Can one vector in itself be linearly dependent? Yes, if it’s the zero vector. (λ · 0 = 0) Of course, the
converse is true.

Note that a superset of a linearly dependent set is linearly dependent. It is not necessarily true that a
subset of a linearly dependent set is linearly dependent.

Exercise 1.10. Construct n vectors such that every n−1 are linearly independent but all the n are linearly
dependent.

Exercise 1.11. ♥ Find a curve in Rn, meaning f : R→ Rn is a continuous function, such that every n points
of the curve are linearly independent. That is, for every collection of n distinct real numbers α1, . . . , αn, the
vectors f(α1), . . . , f(αn) must be linearly independent.

Note that f(x) can be written as

f(x) =

f1(x)
· · ·
fn(x)

 where each fi is a real function. Your answer should be simple: each function fi should

be given as a very simple expression.
Note that in n-dimensional space, there cannot be m > n linearly independent vectors.
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Exercise 1.12. v1, . . . , vm are linearly dependent iff there exists an i such that vi is a linear combination
of the others.

Note: Laci recommends against using this to show that a list of vectors is linearly dependent.

For m = 0: What would be a linear combination of the empty set of vectors? It would be the empty sum
and have sum value zero.

Definition (linear independence of an infinite set): S ⊂ V is linearly independent if every finite subset
is linearly independent.

For instance, if we look at the space of polynomials R[x], the set {1, x, x2, x3, . . .}. is an infinite linearly
independent set. In fact, this is a basis.

Exercise 1.13. If we have a sequence of polynomials f0, f1, f2, . . . ∈ R[x] with deg(fi) = i then the fi are
linearly independent.

Exercise 1.14. Let α1, . . . , αk be distinct ∈ R. Define f(x) =
∏k
i=1(x−αi) and gi(x) = f(x)

x−αi
∈ R[x]. Prove

that g1, . . . , gk are linearly independent.

Proof. Assume that β1g1 + · · ·+βkgk = 0. We want to show that β1 = β2 = · · · = βk = 0. There’s a one-line
proof. Find it.

Definition (span): If S is a list of vectors, finite or infinite, then the span of S is the set of all linear
combinations of vectors in S (which are, of course, finite sums). If span(S) = V , then we say that S
generates V .

Definition (subspace): We call a subset U of V a subspace if U is closed under linear combinations (in
other words, if span(U) = U).

• (1) The zero vector must be in every subspace. 0 ∈ U

• (2) For every α ∈ R and every v ∈ U , we have αv ∈ U .

• (3) For every pair of vectors v1, v2 ∈ U , we have v1 + v2 ∈ U .

(Notation: U ≤ V means that U is a subspace of V ).

Exercise 1.15. U is a subspace iff the three conditions above hold.

The first condition is not redundant, since it excludes the empty set, which satisfies the second and third
conditions. It could be replaced by a direct statement that the empty set is not a subset.

Exercise 1.16 (First miracle of linear algebra). Suppose v1, . . . , vk are linearly independent vectors in V ,
and w1, . . . , wm are vectors in V , such that v1, . . . , vk ∈ span(w1, . . . , wm). Then

k ≤ m.

We could call this the “impossibility of boosting linear independence.”
Definition (basis): A (finite or infinite) list of vectors b1, b2, . . . is called a basis of V if:

1. the bi are linearly independent

2. they generate V

A basis need not be finite; in fact, the set {1, x, x2, . . .} is a basis for the set of polynomials. However, we
say that a vector space is finite-dimensional if there exists a finite set of generators for the space.

Exercise 1.17. The first miracle is equivalent to the statement that all bases are of equal size.
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Exercise 1.18. The first miracle is equivalent to the statement that every maximal linearly independent
set is maximum.

The first miracle is also true for infinite sets, in which case “counting” is replaced by “cardinality.”

Exercise 1.19. (a) A list of vectors is a basis iff it is a maximal linearly independent set.

(b) Every vector space has a basis.

The proof is direct; do not use the first miracle. In the case of an infinite-dimensional space, use Zorn’s
Lemma for part (b).

All bases have the same size; this size is called the dimension of the space and written dimV . For example,
dim Rn = n. (To show this, we need only find a basis in Rn. The standard basis is (100 . . . 00), (01 . . .), . . ..)

Exercise 1.20. The standard basis is a basis.

The space of two-way infinite sequences: RZ = {f : Z → R}. Such functions can be represented as
two-way infinite sequences: a = (· · · , a−2, a−1, a0, a1, a2, · · · ).
We define a shift operator S : RZ → RZ by setting Sa = b where b = (bi)∞−∞ is defined by bi = ai−1

(i ∈ Z).
We say that a 6= 0 is an eigenvector of S if there exists a scalar λ such that Sa = λa.

Exercise 1.21. Find all eigenvectors of the shift operatorS.

The answer is a high-school concept.
Inside this space is a remarkable subspace called Fib (the Fibonacci space). It consists of those sequences

a satisfying ai = ai−1+ai−2 for all i. For example, we can extend the ordinary Fibonacci sequence backwards:
· · · ,−8, 5,−3, 2,−1, 1, 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, · · · .

Exercise 1.22. (a) Prove that Fib is a subspace of RZ.

(b) What is dim(Fib)? Find a “standard” basis.

The next exercise is a “reward problem;” its solutions is the reward for the work you put into finding it.

Exercise 1.23. (a) Find a basis of Fib consisting of eigenvectors of the shift operator.

(b) Represent the Fibonacci sequence as a linear combination of the basis found in part (a).
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