
2015 Chicago Math REU Apprentice Program Exercises
Tuesday, July 14

Instructor: László Babai
Teaching Assistants: Timothy Black, Abigail Ward, Angela Wu

17.1 Priority problems for the 7-14 problem session

Hint: Original statements of referenced problems may be more complete or contain hints.

Exercise 17.1. (Exercise 13.10) Prove the Rank-Nullity Theorem.

Exercise 17.2. (Exercise 15.16) Show that the complex roots of a real polynomial come in
in pairs of conjugates.

Exercise 17.3. Find 2×2 real matrices A,B such that Tr(A) = Tr(B) and det(A) = det(B),
but A 6∼ B. Can the rank of two such matrices differ?

Exercise 17.4. (Exercise 15.22) Show: if (∀x)(Ax = Bx), then A = B.

Exercise 17.5. (Exercise 12.1) ♥ Find det(Mn), where Mn is the n× n matrix

Mn =



1 1
−1 1 1

−1 1 1
. . .

−1 1 1
−1 1 1

−1 1 1
−1 1


(The blanks are zero.)

Exercise 17.6. (Dragon Problem 2) The princess is frantically signaling for help. She must
give the dragon an 8 × 8 nonsingular matrix that can survive the dragon’s wrath. If the
dragon succeeds in lowering the rank of the matrix by changing an entry, the dragon will
eat the princess. Thinking this over, the dragon feels guilty (why?), so the princess is given
an additional boon - she may choose the entry the dragon can change. Does the princess
survive? How can she decide what entry is safe for the dragon to change? Dun dun dun..
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17.2 Linear Maps and Matrices

Exercise 17.7. Consider V = R≤2[x]. Consider the two bases of V given by e = {1, x, x2}
(“old basis”) and f = {x(x+ 1), x(x− 1), (x− 1)(x+ 1)} (“new basis”).

(a) Express the elements of f in terms of e to find the change of basis matrix S.

(b) Express the elements of e in terms of f and verify that the matrix you get is S−1.
Let v = 1 + x+ x2 ∈ V .

(c) Find [v]e.

(d) Find [v]f without using matrix operations.

(e) Write an expression for [v]f in terms of [v]e and S. Check that this is consistent with
(e).

Exercise 17.8. Let φ : V → W . Let e be a basis of V and f be a basis of W . Show that

[φx]f = [φ]e,f [x]e

Exercise 17.9. Let e be a basis of V . Suppose that [φ]e =


0 1 0 · · · 0
0 0 1 · · · 0
...

. . .
...

0 1
0 0 · · · 0 0

 .

(a) Interpret the linear transformation φ in terms its action on the basis e.

(b) Interpret the linear transformation φ2. Interpret the linear transformation φ3.

(c) What is the linear transformation φn, where n = dimV ?

(d) Determine the characteristic polynomial, eigenvalues, and eigenvectors of this matrix.
What are the algebraic and geometric multiplicities of the eigenvalues?

Exercise 17.10. Consider the 3-dimensional Euclidean space (our geometry). Let e =
(e1, e2, e3) be a basis consisting of three orthogonal (perpendicular) unit vectors.

(a) Consider the rotation ρ about e1 by 120 degrees. What is the corresponding matrix in
the basis e?

(b) Consider the rotation ω about e1 + e2 + e3 (the diagonal of the cube) by 120 degrees.
What is the corresponding matrix in the basis e?

(c) Find the characteristic polynomial of each matrix.
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Exercise 17.11. Consider the vector spaces of polynomials of bounded degree, with basis
en = (1, x, . . . , xn) of R≤n[x]. Define

δ : R≤n+1[x]→ R≤n[x] δ : f 7→ d

dx
(f), and

φ : R≤n[x]→ R≤n+1[x] φ : f 7→ (x− 1) · f.

(a) Find [φ]en,en+1 .

(b) Find [δ]en+1,en .

(c) Find [φ ◦ δ] two ways.

(d) Find [δ ◦ φ] two ways.

Exercise 17.12. Let e be a basis for V . Let φ : V → V be a linear transformation.

(a) What does [φ]e look like if e1 is an eigenvector for φ?

(b) What does [φ]e look like if ei is an eigenvector for φ?

(c) What does [φ]e look like if all the ei are eigenvectors for φ?

(d) Show that there exists an eigenbasis for φ iff φ is diagonalizable.

(e) Is [Rθ] (the matrix of the rotation of the plane by θ) diagonalizable?
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