
2015 Chicago Math REU Apprentice Program Exercises
Thursday, July 16

Instructor: László Babai
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Exercise 19.1 (Gram-Schmidt orthogonalization). (a) Let v1, v2 be a basis of the geometric
plane. Apply Gram-Schmidt to the inputs (v1, v2) and (v2, v1). Draw the relevant vectors
computed during Gram-Schmidt in both cases. When is the output the same?

(b) Apply Gram-Schmidt to the basis (1, x, x2) of R≤2[x] with respect to the inner product

〈f, g〉 =
∫ 1

0
f(x)g(x)dx.

(c) Apply Gram-Schmidt to the columns of the following matrix (with respect to the stan-

dard dot product in R3):

 1 2 0
0 3 2
1 4 2


Exercise 19.2 (Positive definite matrices). Recall that A ∈ Mn(R) is positive definite if A
is symmetric (A = AT ) and (∀x ∈ Rn \ {0})(xTAx > 0). All matrices in this exercise are
symmetric.

(a) Which diagonal matrices are positive definite?

(b) Let M be a positive definite matrix. Show that all principal minors are positive definite.
(A principal minor of a square matrix is a square submatrix that is positioned symmet-
rically about the diagonal, i.e., if the (i, j) entry belongs to the submatrix then so does
the (j, i) entry.)

(c) Show that if M is positive definite, then the determinant of M is positive.

(d) Show that M is positive definite iff M is symmetric and all eigenvalues are positive. (For
the “only if” direction, use the Spectral Theorem. Do not use the Spectral Theorem for
the “if” direction.)

(e) Let M ∈ Mn(R) be a symmetric matrix. Let Mi be the i × i submatrix in the top
left corner consisting of the intersection of the first i rows and first i columns. Show
that M is positive definite iff (∀i = 1 . . . n)(det(Mi) > 0) (all “corner determinants” are
positive). (Prove necessity. To prove sufficiency, use interlacing.)

Definition. The Rayleigh quotient of a symmetric real matrix A is the function
RA : Rn \ {0} → R defined by RA(x) = xTAx

xT x
.
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Exercise 19.3 (Rayleigh’s Theorem). Let λ1 ≥ · · · ≥ λn be the eigenvalues of a symmetric
matrix A. Show that

λ1 = max
x 6=0

RA(x).

Exercise 19.4. Let A be the adjacency matrix of an undirected graph G on n vertices.
Let λ be the largest eigenvalue of A. Show that λ is between the average degree and the
maximum degree:

1

n

∑
i

deg(vi) ≤ λ ≤ max
i

deg(vi)

Exercise 19.5. Let B ∈Mn(R). Let Bij denote the (n−1)× (n−1) submatrix obtained by
deleting the i-th row and the j-th column. Recall that cij = (−1)i+j det(Bij) is the cofactor
corresponding to the (i, j) position. Let C = (cij)n×n be the matrix of cofactors. We define
the adjugate of B as adj(B) = CT .

(a) Show that B · adj(B) = (detB) · I.

(b) Use the previous item to find an explicit expression for the (i, j) entry of B−1 (assuming
B is nonsingular) in terms of det(B) and the cofactors.

Exercise 19.6 (Cramer’s Rule). Let A ∈ Mn(R) be non-singular and let and b ∈ Rn. It
follows that the system Ax = b of linear equations has a unique solution, x = A−1b. Prove:
xi is a quotient of two determinants; the denominator is detA, and the numerator is the
determinant of the matrix obtained from A by replacing the i-th column by b.

Exercise 19.7. (a) Show that det(AB) = detA · detB.

(b) Show that det (A−1) = 1
detA

.

(c) Show that similar matrices have the same characteristic polynomial.

Exercise 19.8. Find all 2× 2 orthogonal matrices. (Think geometry: what are the congru-
ences of the plane that fix the origin?)

Exercise 19.9. (Exercise 12.1) ♥ Find det(Mn), where Mn is the n× n matrix

Mn =



1 1
−1 1 1

−1 1 1
. . .

−1 1 1
−1 1 1

−1 1 1
−1 1


(The blanks are zero.)
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