
2015 Chicago Math REU Apprentice Program Exercises
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Instructor: László Babai
Teaching Assistants: Timothy Black, Abigail Ward, Angela Wu

20.1 Euclidean spaces, real symmetric matrices

All vector spaces and matrices in this section are over R.

Definition 20.1. The Rayleigh quotient of a symmetric real matrix A is the function
RA : Rn\{0} → R defined by RA(x) = xTAx

xT x
. We showed in the last class that if λ1 ≥ · · · ≥ λn

are the eigenvalues of a symmetric matrix A, then

λ1 = max
x 6=0

RA(x).

Exercise 20.2. Let A be the adjacency matrix of an undirected graph G = (V,E) on n
vertices. Let λ be the largest eigenvalue of A. Show that λ is between the average degree
and the maximum degree:

1

n

∑
v∈V

deg(v) ≤ λ ≤ max
v∈V

deg(v)

Exercise 20.3. Find all 2× 2 orthogonal matrices. (Think geometry: what are the congru-
ences of the plane that fix the origin?)

Exercise 20.4. Let A be an orthogonal matrix. Prove: if λ ∈ C is an eigenvalue of A then
|λ| = 1.

Exercise 20.5 (Corner determinants). Suppose that M ∈ Mn(R) is symmetric. Let Mi be
the i× i submatrix in the top left corner consisting of the intersection of the first i rows and
first i columns. Show that M is positive definite iff (∀i = 1 . . . n)(det(Mi) > 0). (For the
“if” part, use interlacing (Exercise 20.16 below).)

Definition 20.6. A matrix A ∈Mn(R) is positive semidefinite if A is symmetric and
(∀x ∈ Rn)(xTAx ≥ 0).

Definition 20.7. The analog of Ex. 20.5 would be that a symmetric matrix M is positive
semidefinite iff all corner determinants are non-negative. Prove that this is false. (One
direction remains true – which one?)
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Exercise 20.8. Let Jn be the n × n all-ones matrix (every entry is 1). Prove that Jn is
positive semidefinite.

Exercise 20.9. Prove: the sum of a positive semidefinite matrix and a positive definite
matrix is positive definite.

Exercise 20.10. Prove that every positive definite matrix is nonsingular. (Prove this di-
rectly from the definition of positive definiteness, not from a previous exercise.)

Exercise 20.11 (Gram matrix). Let v1, . . . , vk ∈ V where V is a Euclidean space. Define
the Gram matrix of v1, . . . , vk as the k × k matrix G = (gij) by gij = 〈vi, vj〉.

(a) Prove: G is positive semidefinite.

(b) Prove: G is positive definite iff the vi are linearly independent.

Exercise 20.12. Prove: a symmetric matrix is positive semidefinite iff all its eigenvalues
are non-negative.

Exercise 20.13. Prove: If A is a positive semidefinite matrix then there exists a positive
semidefinite matrix B such that A = B2.

Exercise 20.14 (Clubtown). Recall that in Clubtown, every club has at least 2 members,
and every pair of clubs shares exactly one member. We proved that under these conditions,
the membership vectors of the clubs are linearly independent. Give a very simple alternative
proof of this fact by proving that their Gram matrix is positive definite. (Hint: Use some of
the exercises above.)

Exercise 20.15 (Courant–Fischer). Let A ∈Mn(R) be a symmetric matrix with eigenvalues
λ1 ≥ · · · ≥ λn. Prove:

λi = max
U≤Rn

dimU=i

min
x∈U
x 6=0

RA(x)

Exercise 20.16 (Interlacing). Let A ∈ Mn(R) be a symmetric matrix with eigenvalues
λ1 ≥ · · · ≥ λn. Let B be the matrix obtained from A by deleting the i-th row and the
i-column. So B is a symmetric (n − 1) × (n − 1) matrix. Let µ1 ≥ · · · ≥ µn−1 be the
eigenvalues of B. Prove: λ1 ≥ µ1 ≥ λ2 ≥ µ2 ≥ · · · ≥ µn−1 ≥ λn. (Hint: Courant–Fischer)

20.2 Linear transformations, determinants

The vector spaces and matrices in this section are over an arbitrary field (except for the last
exercise).

Exercise 20.17. Let e be a basis for V . Let φ : V → V be a linear transformation.

(a) What does [φ]e look like if e1 is an eigenvector for φ?

(b) What does [φ]e look like if ei is an eigenvector for φ?
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(c) What does [φ]e look like if all the ei are eigenvectors for φ?

(d) Show that there exists an eigenbasis for φ iff the matrix of φ (witg respect to any basis)
is diagonalizable.

(e) Is [Rθ] (the matrix of the rotation of the plane by θ) diagonalizable?

Exercise 20.18. Let B ∈Mn(F). Let Bij denote the (n−1)×(n−1) submatrix obtained by
deleting the i-th row and the j-th column. Recall that cij = (−1)i+j det(Bij) is the cofactor
corresponding to the (i, j) position. Let C = (cij)n×n be the matrix of cofactors. We define
the adjugate of B as adj(B) = CT .

(a) Show that B · adj(B) = (detB) · I.

(b) Use the previous item to find an explicit expression for the (i, j) entry of B−1 (assuming
B is nonsingular) in terms of det(B) and the cofactors.

Exercise 20.19 (Cramer’s Rule). Let A ∈ Mn(F) be non-singular and let and b ∈ Fn. It
follows that the system Ax = b of linear equations has a unique solution, x = A−1b. Prove:
xi is a quotient of two determinants; the denominator is detA, and the numerator is the
determinant of the matrix obtained from A by replacing the i-th column by b.

Exercise 20.20. (a) Show that det(AB) = detA · detB.

(b) Show that det (A−1) = 1
detA

.

(c) Show that similar matrices have the same characteristic polynomial.

Exercise 20.21. (Exercise 12.1) ♥ Find det(Mn), where Mn is the n× n matrix

Mn =



1 1
−1 1 1

−1 1 1
. . .

−1 1 1
−1 1 1

−1 1 1
−1 1


(The blanks are zero.)

Exercise 20.22. ♥ A curve in Rn is a continuous injection f : R→ Rn. We say that a set
of vectors in Rn is in general position if every n of the vectors are linearly independent. Find
a curve in Rn such that its points are in general position. (Hint. A curve is defined by an
n-tuple of continuous functions: f(x) = (f1(x), . . . , fn(x))T where fi : R → R. Define your
functions fi by very simple formulas.)
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